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INTEGRAL OPERATORS ON ANALYTIC MORREY SPACES 



PENGTAO LI, JUNMING LIU & ZENGJIAN LOU* 



C ^ Abstract. In this note, we study the boundedness of integral operators Ig 

Cn ■ and Tg on analytic Morrey spaces. Furthermore, the norm and essential norm 

» I ' of those operators are given. 

Oh: 

< 



1. Introduction 

Morrey spaces were initially introduced by Morrey [TB] in 1938. As useful tools, 
Morrey spaces play an important role in the study of harmonic analysis and partial 
differential equations. See Taylor [24], Olsen [19], Kukavica [16], Palagachev and 
r^ \ Softova [21], and the reference therein. 

jrt ' In recent decades, in real and complex settings, Morrey spaces have been studied 

extensively. For example, in Euclidean spaces R", Adams and Xiao studied Morrey 
spaces by potential theory and Hausdorff capacity in [1] and [2]- Duong, Yan and 
Xiao [11' characterized Morrey spaces by the operators with heat kernel bounds. 
The multipliers of Morrey spaces were studied by Gilles and Rieusset [13j . In the 
unit disc D, the analytic Morrey spaces, C^'^ , were introduced and studied by Wu 
r^ ■ and Xie in [26]. Xiao and Xu [31] studied the composition operators of >C^'^ spaces. 

l/^ I Cascante, Fabrega and Ortega [8] studied the Corona theorem of C^'^ . 

CN i For analytic functions g in D, the Volterra type operator Tg is defined as 

O ■ Tgf(z) = I f{w)g'{w)dw, 

m' . . .° 

on the space of analytic functions / in D. The operator Tg was firstly investigated 
on Hardy spaces by Pommerenke [2U]. Another integral operator related to Tg 

-^-. (denoted by Ig) is defined by 

^^ ' 
^; hf{^)^ j f'{w)g{w)dw. 

The boundedness and compactness of Ig and Tg between spaces of analytic functions 
were studied by many authors. The Tg on Hardy spaces and Bergman spaces were 
studied by Aleman and Cima in [4] , Aleman and Siskakis in [5] [6] . Siskakis and 
Zhao [23] studied Tg on the space BMOA. Xiao [30] considered Ig and Tg on Qp 
spaces. Constantin f9^ studied the boundedness and the compactness of Tg on Fock 
spaces. In ^, Wu considered Tg from Hardy spaces to analytic Morrey spaces. 
The closed ranges of Ig and Tg are studied by Anderson [7] . See Aleman [3] and its 
references for more information on those integral operators. 
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2 PENGTAO LI, JUNMING LIU & ZENGJIAN LOU* 

The essential norm can be seen as a useful tool to study the operators on func- 
tion spaces. By the essential norms, we can understand better the relation between 
bounded operators and compact operators. The essential norms were first intro- 
duced by Shapiro [22^ to study the composition operators. Recently, the essential 
norms were applied to study the integral operators Ig and Tg, see Laitila, Miihkinen 
and Nieminen [TF, and Liu, Lou and Xiong [17]. We refer the reader to [22], [15] 
and [17^ for further information. 

In this paper, we consider the operators 



and 



Ig,Tg : C^'^{W) -^ /:^'^(D), < A < 1 



Ig,Tg: FP(B)^/:2'^"p(D), 2<p<c5o. 

The aim is to study the boundedness of Ig and Tg, and to estimate the norms and 
essential norms of Ig and Tg . We will prove that the norms of Ig and Tg is equivalent 
to ll^lloo and llgllsMOA, respectively. By these equivalence, we could obtain the 
necessary and sufficient conditions of the boundedness of Ig and Tg. See Theorems 
1-4. On essential norms, we prove that the essential norm of Ig is equivalent to 
Halloo, and that the essential norm of Tg is equivalent to the distance between g 
and the space VMOA, see Theorems 5-8. As corollaries, we obtain the sufficient 
and necessary conditions of the compactness for Ig and Tg, respectively. We should 
point out that these necessary and sufficient conditions can be also proved without 
using the essential norms. Compared with such method, our results provide more 
information. 

The rest of this paper is organized as follows. In Section 2, we state some 
notations and preliminaries which will be used in the sequel. Section 3 is devoted 
to the study of the boundedness of Ig and Tg and of the norm estimate of those 
integral operators. The essential norms of Ig and Tg are given in Section 4. 

Notations: For two functions F and G, if there is a constant C > dependent 
only on indexes p. A, • • ■ such that F < CG, then we say that F < G. Furthermore, 
denote that F « G (F is comparable with G) whenever F < G < F. 

2. Notations and Preliminaries 

Let D and 9D = {z : |z| = 1} denote respectively the open unit disc and the unit 
circle in the complex plane C. Let 7?(D) be the space of all analytic functions on 
D and dA{z) — —dxdy the normalized area Lebesgue measure. 

For < p < GO, the Hardy space iJ^(I])) consists of all functions / £ iJ(D) with 

11/11?,,= sup ^ r \f{re^')\Pdd < oo. 

Q<r<l ^TT Jq 

For an arc / C 9D, let |/| = ^ Jj \dC\ be the normalized length of /, 

and S{I) be the Carleson box based on / with 

S(I) = {z e B : 1 - 1/1 < Izl < 1 and -^ G /}. 
Clearly, if / = dB, then 3(1) = B. 
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Definition 1. For < p < c», we say that a non- negative measure /U on D is a 
p-Carleson measure if 

f,{S{I)) 



sup , ^, 

icm \I\P 



< oo. 



If p = 1, p-Carleson measure is the classical Carleson measure. 

The following theorem due to L. Carleson is a significant result on Carleson 
measure (see, for example, [12] and [34]). 

Theorem A. Suppose that ^ is a non-negative measure on D. Then /i is a Carleson 
measure if and only if the following inequality 

\.f{z)fdf,{z)<\\f\\l-.^ / \f{e^')fde 



holds for all / in Hardy space iJ^(D). Moreover 

\f{z)fdfi{z 



sup 

ll/ll„2=l 



sup 

ICc 



m(5(/)) 



Recall that BMOA is the set of / in the Hardy space H^ 
value functions satisfies 

1/2 
11/" ' ^ "■ "■■■■"' 



whose boundary 



sup (1^ f\fie^^)^fj\^d0 



< OO. 



The norm of functions / in BMOA can be expressed as ||/ 
[13], we know that ||/|| is comparable with the norm 

||/||BA/OA = |/(0)|+SUp||/oaa-/(a) 

aen 
where a G D and aa is the Mobius transformation with 

a — z 



1/(0)1 + 11/11*. From 



Iif2, 



o-q(z) 



1 — az 



z e . 



Furthermore, if 



lim ^ f\f{e'')^fifd0^O, 
\i\^o \I\ Jj 



we say that / G VMOA, the space of analytic functions with vanishing mean 
oscillation, we also know that / S VMOA if and only if 

lim \\foaa~f(a)\\H2^Q. 

\a\^l 

For more information on BMOA and VMOA, see [Ml. 

The following theorem (Theorem 6.5 of |il4. or Theorem 4.1.1 of [30]) is a Carleson 
measure characterization of BMOA. 

Theorem B. Let / G H{p), then / e BMOA if and only if the measure /z/ with 
djif — |/'(z)|^(l — |zp)(iA(z) is a Carleson measure. Moreover, 

II/IIbmo.- 1/(0)1 + ( sup ^^^)^^^ 



Definition 2. Let < A < 1. The Morrey space C'^-^{ 
to the Hardy space _ff^(D) such that 



is the set of all / belongs 



-(^/'■^'^-^'a"^ 



< oo. 
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Clearly, £^'^(D) = BMOA. The following lemma gives some equivalent condi- 
tions of C'^^^{n) (sec Theorem 3.21 of [29] or Theorem 3.1 of [27]V 

Lemma 1. Suppose that < A < 1 and f G iJ(D). Let aa{z) — jE^- Then the 
following statements are equivalent. 

(i) /G/:2,A(B); 

(ii) ^^p^wfs(i) l/'WI'(i - M')dM^) < ^; 

(iii) supa - \a\Y-'U \f{z)\Hl K{z)\')dA{z) < ^; 



(iv) sup(l - \a\Y-'L \f'i^)\'^ogj^dAiz) < oo. 
The norm of functions / £ £^'^(D) can be defined as follows 

ll/ll£^- = 1/(0)1 + sup (^ / |/'(z)p(l - \z\')dA{z) 
/can ^l^r Js(/) 



i/'(z)r(i-izr)dA(z);'^' 

IS{I) 

Remark 1. From the lemma above, it is easy to see that for / e £^^^(I 
ll/IU... « 1/(0)1 + sup ((1 - \a\'y-' f \f'{z)\\l - Kiz)\')dAiz) 

« 1/(0)1 + sup ((1 - |ap)i-^ / \f(^)\Hog-^dAiz)y^\ 

aGB ^ Jo \'^a[z)\ / 

Now we give a result about the growth rate of functions in £^^^(D). 
Lemma 2. Let < X < 1. /// e C'^'^{]D), then 

1/(^)1 < "^''^''' A , ^eD. 

'^ ^' (l-|z|2)iT^' 

Proof. For any fo G D, we have 

1/2 
I £2 



1/2 



... « 1/(0)1 + sup ((1 - \a\y~^ / |/'(z)p(l - laJz)ndA(z)) 

aGD ^ JD ^ 

> ((1 - i^n^-' / i/'wp(i - k,(z)ndA(z))'^' 

^ jd -^ 

= ((1 - l^^n^-' / \f'ia,iw))f\a',iw)f{l ~ \wf)dAiw) 

^ Jo 

>il-\b\')'^\f'{b)l 
where we used Lemma 4.12 of [34] in the last inequality. Thus 

1/(6) -/(o)i= b f f'ibt)dt <\b\ f \r{bt)\dt 

Jo Jo 

<\\f\\c^Mb\ f ^-^rfi 

Jo {l-\b\t)^- 



< 



IC^.A 



(l-l^l)- 

Since the point b is arbitrary, we get 



(1- |z|2) 2 
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D 

3. Boundedness and Norm estimate of Ig and Tg 

In this section, we prove the boundedness and estimate the norms of Ig and Tg. 
The following two lemmas will be used through this paper. 

Lemma 3. ( |331 Lemma 1]) Suppose that s > —\ and r,t > 0. If t < s + 2 < r, 

then we have 

\l-bz\-\l-az\t ^ '- {l-\b\^y-^-^\l-ab\'' 
where a, & G D. 

Lemma 4. LetO < X < 1 andb £13. Then functions fb{z) — {l — \b\'^)^^(ai,{z)—b) 
andFb{z) = (l-|6p)(l-fez)T^ belong to C'^-^ {J}). Moreover, we have \\fb{z)\\c2^x < 
1 and ||_F'fc(z)||£2,A < 1, where the constants implicit are independent of z andb. 

Proof. For b £D, by Lemma [3l we have 

||M|2,,, « sup(l - \a\Y-' f l/fcWl'(l - Wa{z)f)dA{z) 

aen Jo 

= snp(l - \a\r-\l 15^^+1 / ^}-Jfl dAiz) 

aea Jo |1 — bz\^\l — az\^ 

<sup(^-'°':n!r'^'^^^<i 

aeo 



|l-a5|2 



and 



< 1 + sup ^ \ _\ ' ' ' < 1. 



D 



We first consider the boundedness of Ig on C 



2, A/ 



Theorem 1. Let < A < 1 and g G i/(D). Then Ig is bounded on C'^^^{IS)) if and 
only if g belongs to 7f °°(D), the space of bounded analytic functions on D. Moreover 
the operator norm satisfies 

where \\g\\ao = sup^^Ta\g{z)\. 

Proof Let g G H°°{B). For any / G C^'^iB), we have 

WlgfWc^.. = sup (^ / \fiz)f\giz)fil - \z\')dA{z)^ ^'^ 

< ||/||£2.ASup|5(z)|. 

zeo 

This leads the boundedness oi Ig and ||/g|| < ||5||oo- 
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On the other hand, if Ig is bounded on £^'^(I[D). For any 6 e D, suppose that fb 
is defined as in Lemma lU then 

1/2 



« sup ((f - \a\^f-^ f \n{z)f\9{z)\'{l - K{z)f)dA{z) 
>( f \ai{z)\'\giz)\^{l-\abiz)\^)dA{z) ^ '" 



> 



\9{b)l 



where we used Lemma 4.f 2 of [34] again in the last inequahty. Since b is arbitrary, 
we have ||/g|| > ||ff||oo- Theorem[T]is proved. D 



As a main result of this section, we give the boundedness of Tg on £^^"^(0) in 
the next theorem. 

Theorem 2. Suppose that < A < 1 and g G -ff(D). Then Tg is bounded on 
/:2.^(B) if and only if g e BMOA. Moreover, \\Tg\\ w ||.g||BA/OA- 

Proof. Suppose g £ BMOA. For / e C'^-^{0) and any arc / C dD, let C e 9D be 
the center of arc / and 6 = (1 — |/|)C G D. We have 






1 

' 'S(I) 



r^ / i/(z)n5'wp(i-knrf^w 



I-* I Js(/) 



2 

' 'S{I) 



+ TnA / i/w-,/(fc)n.9'wp(i-i^nrf^w 



= h+l2- 



We first estimate the term /i. By Lemma [21 we get 



\fm 



ll/ll£-^ 



< "•' "^ < 



(l-|fe|2)^ |/|T- 

It follows from Theorem B that 

^' = mx [ \fib)\'W{z)\'il - \z\')dAiz) < \\g\\%MOA\\f\\h.'^- 
kI Js{i) 
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Now we estimate the term l2- Since 1 — |crb(2:)p > T|| for all z g S{I), then 

/2 = ^ / \f{z) /(6)P|5'(z)p(l ~ \z\')dAiz) 
I-* I Js{i) 

< \I\'-' I l/W - /(6)n.g'WP(l - \a,{z)\^)dA{z) 

Js{i) 

< |/|i-^ / 1/ o a,{w) - f{h)Wg o a,)'Hp(l - |u;p)dAH 

< (1 - Ifop)!-^ / 1/ o rXbH - f{b)Wg o a,)'Hp(l - \w\^)dA{w). 



Since g 6 BAfOA, then g o ab e BMOA and |(5 o cr&)'(w)p(l - |wp)dA(u;) is a 
Carleson measure by Theorem B. Note that / G £^'^(0) C if2(B), then f o ab - 
f{b)G -ff^(D). Combining this with Theorem A yields 

/2 < (1 - |fop)^-'||.9oab||L.oA rV°^6(e^'') - /(6)pd0 

Jo 

< (1 - m'-'MlMOA I \f\z)\^\ogy^dA{z) 

< MlMOAllfWh.., 

where we used Littlewood-Paley identity in the second inequality (see, for example, 
[12] or [31]). Thus, 

r,/||i.,. </l+/2<||.9|||MOAli/ll£^.- 
Thatis \\Tg\\<\\g\\BMOA- 

On the other hand, suppose that Tg is bounded on £'^■^(3). For any / C 9B, let 
6 = (1 - \I\)( g D, where C is the center of /. Then 

(l-|6|2)«|i-6z|«|/|, zeS{I). 

Using the test function Fi, as in Lemma 4, we get 

^/ W{z)\'{l-\z\')dAiz) 

\^\ J 8(1) 



^7^ f \Fb{z)\'\g\z)\'{l-\z\')dAiz) 
ls{i) 



\I\^ 



^ f \{TgFbnz)\^{l-\z\')dA{z) 
I-* I Js(i) 



IS{I) 
|2 



< l|r,f ||F,||^.,. 

<\\Tgf. 

Since / is arbitrary, we obtain g e BMOA and ||.g||sj\/oA ^ ll^'sll- The proof is 
completed. D 

Remark 2. Theorem [1] holds for A = 1 (see [30]). But Theorem [2] is not ture for 
A = 1. In fact, Siskakis and Zhao ^23^ proved that Tg is bounded on BMOA if and 
only if g belongs to logarithmic BMOA space. 
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For g G H{3), the multiplication operator Mg is defined by Mgf{z) — f{z)g{z). 
It is easy to see that Mg is related with Ig and Tg by 

Mgf(z) = /(0)<?(0) + Igf(z) + Tgf{z). 

Corollary 1. Let < A < 1 and g G -ff(D). Then the multiplication operator Mg 
is bounded on C'^'^{B) if and only if g G i/°°(D). 

Proof li g e H°°, then Ig and Tg are both bounded on C'^'^{I])) by Theorems [1] 
and [2 So Afg is bounded on C'^^^(p). 

If A/g is bounded on L'^'^{3), consider the function Fi,{z) in LemmalU Applying 
Lemma [21 we have 



(1 — Oz) 2 (1 — |2;| 
<||Mg|i ^ 



Taking z = 5 in the inequality above yields \g{b)\ < ||Aig|| and then g G iJ°°(D) by 
the arbitrariness of b. D 

We now characterize the boundedness of Ig : 11^(3) — > £^'^^p (]D)(2 < p < cxd). 

Theorem 3. Let 2 < p < oo and g e H{B). Then Ig : HP{B) -^ /:^'^"i(P) is 
bounded if and only if g G H°°(J}). Moreover \\Ig\\ ~ HffHoo- 

Proof. Suppose Ig : 11^(3) -^ C ' ^p(D) is bounded. Consider the test function 

fiz)^^'-\'T\U\b\<i,zeB. 

■'^ ^ b{l-bz) ' 2 - ' ' 

Applying the well-known inequality, 

'" 1 ,„ . 1 



de<- r-^, zeB),t>0, 



1/2 



/o |l-ze»«|i+* --^ (l-|z|2)*' 
we have / G Hp(J]i) with ||/||hp < 1. So, 

ll/.ll > IIVII^.,i-| 

« sup ((1 - lap)! / |/'(z)|2|.g(z)|2(l - \a,izr)dAiz)) '^' 
>{JjaUz)\'\9{z)\'il~W,{zr)dA{z))' 

^(f\9ia,{w))\'il~\wr)dA{w)y^' 

> \9{b)l 

where we used Lemma 4.12 of [33] again in the last inequality. Since ^ < \b\ < 1, 
we have 

I|ff||oo= sup |ff(2;)| < ||/g||. 
i<l2l<l 
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On the other hand, suppose g G i/°°(D), then applymg Littlewood-Paley iden- 
tity, we get 

ii/,/ii ,a-^ « ™p ((1 - i«n^ / i/'(z)n5wp(i - Wa{z)?)dA{z))"^ 

1/2 



sup ((1- lap)! \ \r{z)\^\g(^z)\Ho^^\^dA{z) 



< ll.9l|ooSup(l- |a|^)p||/oo-„ -/(a)||//2 
^ l|g||ooSup(l - |ap)p||/ocrQ||//2 

aeD 

< ||.g||ooSup(l- \afyT'\\! oUaWn^ 

aeD 

< I!.9||oc||/||hp, 

where we used the fact that 

ll/oa.||..<(i±H)^/^l|/l|,. 

( [TUl Theorem 3.6]). Therefore 

11^.11 < uw 

The proof is completed. D 

In [13 Theorem 9], Wu proved that, for g e i/(D), Tg : i7P(D) -^ L^-^^i{p){2 < 
P < oo) is bounded if and if 5 G BMOA. We next estimate the norm of Tg. 

Theorem 4. Let 2 < p < 00 and g e H{0). IJ Tg : i/P(D) -^ /:^'^"i(D) is 
hounded, then \\Tg\\ « ||g||sAfOA- 

Proof. The proof is similar to that of Theorem[2l for the completeness of the paper, 
we give the sketch of the proof below. For any / C 9D, let C, be the center of / and 
h — {\ ~ \I\)C,- Consider the function 

hb{z) = - ^-^, zeB. 

It is easy to see that h[, £ W^iU) with ||/ifc||ifp < 1. So, 

^ / \g'{z)\\l - \z\^)dA{z) < -^ f Mz)f\g'{z)\'{l ~ \zf)dAiz) 

Ml J 3(1) \I\^ P Js(I) 

= T7^ [ \iTMi^)\'i^-\^\')dAiz) 
\I\ " Jsii) 

<\\T,r\\h4'H. 
< \\T,r. 

It follows that g € BMOA with \\g\\BMOA <\\Tg\\. 
On the other hand, if p = cxo, then, for / G iJ°°(D), 

1 



Tn I \(Tjy{z)\'il - \z\')dAiz) < ||/||L||5||Imoa, 



S{I) 
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which implies 

\\Ta\\ < Mbmoa. 
If 2 < p < oo, for / G HP(D), write 

^ ^ \iTjyiz)\^il-\zr)dAiz) 

' •-'•'■ |2i //„m2/i |^|2\ 



|/r ^ Js(r) 



f{z)-f{b)\'\g'{z)\\l-\z\')dA{z) 



A 



Note that (Theorem 9.1 of |M^), 

(l-|6|2)i ^ |/|i 
We have 

^ i^l < llfflllMOAll/lil/P- 

Since 1 - |cr6(z)|2 > ^^^ for all z e S{I), then 

i?2 < |/|' / |/(^) - /(6)P|5'WP(1 - |a,(z)ndA(z) 

< (1 - |6nl / 1/ o a,{w) - J{h)Wg o a,)'(z)p(l - \w\^)dA{w). 



If .g e BMOA, then |(,goo-f,)'(z)P(l — |wp)d^(w) is a Carleson measure. Forp > 2, 
/ e iJP(D) implies that f o a^ e H'^{'D). Using Theorem A yields 

E2<ii--mi\\9 0'yb\\%MOA\\fo'yb~fmh 

<a-\b\')h\9\\lMOA\\fo'^brH. 
< \\g\\lMOA\\f\\H., 

where we used the fact that 
( |10( Theorem 3.6]). Hence 

l|rj||^.,,_| < ||.g||BA/OA||/||//.. 

Therefore 

\\Tg\\ < Mbmoa. 
The theorem is proved. D 

Remark 3. If p = 2, then /:^'^^i(D) = H'^{I])). From the proof of Tlieorem|3 we 
know that Theorem [3] holds for p — 2. Theorem |4] for p = 2 is also true (see, for 
example [1] or ^D]). 



Corollary 2. Let 2 < p < oo and g G _ff(D). Then the multiplication operator 
a '■ 



Mg : 7fP(B) -^ C^'^-p{B) is bounded if and only if g e H°^{D). 
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Proof. If Mg : H'p{I}) -^ C"' ^p(]D)) is bounded, consider the function 

•'^ ' (l-bz) 

It is easy to see that / G ^^(D) and ||/||ifp ^ 1- Applying Lemma [U we get 

^^ ^y g(z) < ||A/„/|| ,1 2 

<||M,|| i -. 

(1-|Z|2)P 

Taking z — b in the inequahty above yields \g{b)\ < ||A/g||. Since b is arbitrary in 
D, we havege H°°(D). 

If g e iJ°°(D), from ^ Theorem 9] and Theorem 3, we know that Ig and Tg 
are both bounded from Hp(D) to £^'^-§(1])). So Mg : HP{B) -^ C^^^-i{lD>) is 
bounded. D 

4. Essential norm of Ig and Tg 

Let X be a Banach space and T is a bounded linear operator on X. The essential 
norm of T (denoted by ||r||e) is defined as follows, 

||r|le = inf{||T — K\\ : K are compact operators on X}. 

Since that T is compact if and only if ||T||e = 0, then the estimation of ||r||e 
indicates the condition for T to be compact. In this section, we estimate the 
essential norm of Ig,Tg. 

Let X and Y be two Banach spaces with X C Y. If / G y, then the distance 
from functions / to the Banach space X is defined as 

distY{f,X)= inf ||/-g||y. 
gex 

In the following lemma, Laitila, Miihkinen and Nieminen ( |151 Lemma 3]) char- 
acterized the distance from functions / G BMOA to VMOA space. Here and 
afterward we denote gr{z) = g{rz) with < r < 1. 

Lemma 5. Let g e BMOA. Then 

dist(5, VMOA) w limsup \\g - gr\\BMOA ~ limsup \\g o a^ - g[a)\\H-^. 

r-yl lal^-l 

Theorem 5. Suppose < A < 1 and g G -ff(D). If Ig is a bounded operator on 
£2.A(]n))^ then 

ll^sll. « llslloo. 

Proof. For compact operators K , it follows from Theorem [1] that 

||/,|U = inf||/,-if||<||/,||<||g|U. 

On the other hand, choose the sequence {6„} C D such that |6„| — > 1 as n — > oo. 
Consider the sequence of functions fn{z) = (1 — |&nP)^~(o'b„(z) — 6„). It follows 
from Lemma m that ||/n||£2,A < 1. Note that /„ can be written as 

Jo (1 - b„w)^ 
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and /„ converges to zero uniformly on compact subsets of D. Then ||_?i'/„||£2,. 
as 71 -> cx) for any compact operator K on C'^'^{p). Since 



\\Ig ~ K\\>\misuv\\{Ig - K)f,,\\c2.. 

71— >-CX3 

> limsup(||/g/„||£2.A - ||X/„||£2,a) 

n—^oo 

> limsup||/g/„||£2,A 

n— J-oo 

and 

||/,/„|U2.. « sup ((1 - \a\Y-' I \f'^{z)\M^)\\l - \aa{zr)dA{z)) 

aeO ^ JO ' 

^ .In 



\g{a,S^))\\\~\w\^)dA{wf^'' 



> \9iK)\. 
We get 



|/g||e > limsup|g(6„)|. 



The arbitrary choice of the sequence {5„} imphes ||/g||e ^ llslloo- The proof of 
Theorem [5] is completed. D 

For the proof of the next theorem, we need the following technical lemma. 

Lemma 6. Suppose < A < 1. If g (E BMOA, then Tg^ : C'^^^{D) -> C'^^^{D) is 
compact. 

Proof. Let {/«} be such that ||/n||£2,A < 1 and /„ — > uniformly on compact 
subsets of D as n — > oo. We need only to show that 

lim ||Tg,,/„||£2,A = 0. 

n— ^oo 

Since \\gr\\BMOA < \\9\\bmoa (see Lemma 1 of r32j ), for z e U 
We get 

1/2 



\\TgJn\\c^.>^ < sup ((1 - \a\y-^j \f,,{z)f\gUz)f{l - \<7a{z)f)dA{z)) 



2 ■ sup I 



< 



gWsMOA / f ,r r m2/i I |2^1-A,./ \V^^ 



1 ~ r \ In ' 



Note that ||/„||£2.a < 1 and |/„(z)|2(l - \z\^f-^ < 1 by Lemma H The desired 
result follows from the Dominated Convergence Theorem. D 

In the following theorem, as a main result of this section, we give the essential 



norm of Tg on C, 



2, A/ 
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Theorem 6. Suppose < X < 1 and g e BMOA. Then Tg : C^'^{B) -^ L^'^iB) 
satisfies 

\\Tg\\e « dist(g, VMOA) « limsup ||<7 o ct„ - 5(0)11^2. 

a|— >1 

Proof. Let {/„} be the subarc sequence of 9D such that |/„| — > as n — ^ 00. Denote 
&„ = (! — \In\)Cn £ IC, where Cn £ 3D is the center of arc /„, n = 1, 2, • • • . We 
know that 

{l-\hn\^)^\l-Kz\^\Inl zeS{In). 

Choose the function F„(z) = (1 — |6„p)(l — 6„z)^~, z e B. Then F„ — > uniformly 
on the compact subsets of D as n — ?► 00 and ||i^„||£2,A < 1 by LemmalU Thus, 

hm \\KFn\\c'-.x ->0 

n— >oo 

for any compact operator K on £^^'^(D). Therefore 

llTg - K\\ > hmsup(||TgF„||£2.A - \\KFJc^^>.) 

n— ^00 

= hmsup||TgF„||£2,A 

1/2 



|7;||e>Hm^ 



>hmsup(-i^ / |F„(z)ng'(z)|2(l_|^|2)rfA(z)) 

n-s-oo ^l-lnl Js{In) 

« limsup (^ / \g'{z)\'{l-\z\')dA{z)y^\ 

n->oo ^ |Jn| J S{In) 

Since the sequence {/«} is arbitrary, we obtain 

imsupf^ / |5'(z)r(l-|zndA(z))'^'. 

It foUows from the proof of Lemma 3.4 in 23 that, for g G BMOA, 

Umsup||5rocra-.g(a)||H2 «hmsup — / \g'{z)\^{l - \z\^)dA{z)) . 

Hence 

ll^glle > hmsup \g o CTq - 5(a)||//2. 

a|-s-l 

On the other hand, Tg^ : £^''^(D) — ;■ £^''^(D) is a compact operator. Combining 
this with Theorem [2] imphes 

\Tg\\e < \\Tg~TgJ = \\Tg^gJ\ ~ 1 1 .9 " ^r 1 1 B MO A , 

where we used the Hnearity of Tg respect to g. Hence 

||Tg||e < \imswp\\g - grllBMOA « hmsup ||go(T„ - g{a)\\H2 

by Lemma [5] The theorem is proved. D 

Remark 4. For A = 1, C^^^iB) = BMOA. Theorem [5] holds for A = 1, see 
Theorem 2.1 of [17 . But Theorem [6] is not true for A = 1 (Theorem 2 of [IS ). 

Corollary 3. Let < X < 1 and g € H{B). Then 

(1) Ig is compact on >C^'^(D) if and only if g — 0; 

(2) Tg is compact on £^'^(I])) if and only if g e VMOA. 



14 PENGTAO LI, JUNMING LIU & ZENGJIAN LOU* 

Now we give the essential norm of Ig : iJP(D) — > £ ' ^ p (B) {2 < p < cx)) in the 
foUowing theorem. 

Theorem 7. Let 2 < p < oo and g e H{B). If Ig : HP{D) -^ £^'^"i(P) is 
bounded, then 

Proof. The proof is similar to that of Theorem [3l Choose the sequence {bn} C D 
with \bn\ > 1/2 such that \bn\ — > 1 as n — > oo. Consider the sequence of functions 



&n(l - bnZ) 

It is easy to see that ||/ri||/fp ^ 1 and /„ converges to zero uniforinly on compact 
subsets of D. Then ||-ftr/„|| 2,i--2- ^> as n ^> oo for any compact operator K : 

HP{]D)) -^ C^'^'iiB). Since 

11/,, - K\\ > hmsup Wilg - K)f^\\ 2 

>limsup(||/g/„|| ,,i_2 - ||i^/„|l o,i_2) 

n— >-oo LP LP 

>limsup||/g/„|| 2,i_2 

71. — ^rv^ *-' 



and 



I/Jnil.i-I «sup((l-|a|2)i / \f'^{zt\9{z)\\l~K{zt)dA{z)) 

= {\\a{o,S^))W\~\w\^)dA(w) 

^ Jn 

> \9ibn)\. 



1/2 
1/2 



We have 



Ig\\e> linisup|5(6„)|. 



The arbitrary choice of the sequence {bn} implies ||/g||e > Halloo- 

On the other hand, for compact operators K, it follows from Theorem [3] that 

||/,||e=inf||/3-/^||<||/,||«||5||oo. 

The theorem is proved. D 

As another main result of this section, we next estimate essential norm of Tg : 
_ffP(D) -^ £^'^^p (D) {2 < p < oo), for its proof, we need the following lemma. 

Lemma 7. Let 2 < p < oo and g e BMOA. Then Tg^ : HP{D) -^ C^'^^^B) is 
compact. 
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Proof. The proof is similar to that of Lemma 6. Let {/«} C iJP(D) be such that 
||/n||ffp < 1 and /„ — ^ uniformly on compact subsets of D as n — > oo. We have 

\\T,Jn\\,^-l < sup ((1 - lap)! / \Mz)\'\gUz)\'il - Wa\')dAiz)y^' 

|2\l+f 






1 2 ■'^"P 

1 — r-^ 



(■/-(-)■- ^^"'1f^V.r ^ ^^(-)) 



<\\^^^ll^(\\Uz)\\X-\z\-)UA{z) 



1/2 



and |/„(z)|(l — |zp)p < 1 by Theorem 9.1 of [5i]. Using the Dominated Convergence 
Theorem again implies lim ||T'„^/„|| 21-2 =0. D 

Theorem 8. Suppose 2 < p < 00 and g e BMOA. Then Tg : iJP(D) -^ £^'^"1(11])) 
satisfies 

\\Tg\\e ~ dist(g, FAf OA) « limsup \\g o aa -g(a)||//2. 

Proof. As in the proof of Theorem [6] Let {In} be the subarc sequence of 9D such 
that |/„| -^ a.s n —^ 00, 6„ = (1 — \In\Cn) G D and Cn G 3D be the center of arc 
/„. Consider the function 

(1 - b,,z)'+-. 
It is easy to check that /i„ — > uniformly on compact subsets of D as n — > 00 and 
ll^nllifp ^ 1- For any compact operator K : HP(JD)) — j> £^^^~p(D), we have 



lim ||iir/i„|| 2 1_2 ^- 0. 

n— >oo C ' P 



So, 



^ff ^^11 ^ limsup(||rgft,„|| 2,1-2 - ||ii:ft,„|| 2,1-s) 



n^>-oo 



C ' P C ' P ' 



limsup \\Tghr, 



^ q'^nW ^2,1-- 
n— >-oo ■*- 



> limsup (^^ / |(T,M'WP(l-|^nd^W)'^' 
« limsup (^^ f \K[z)\^\g'{z)\\l^\z\^)dA{z))"^ 

n^oo ^|/„| P JS{I„) ' 

> limsup (^ / |g'(z)p(l-|zndA(z))'^'. 

The arbitrary choice of {/„} yields, 

1/2 



|Tg||e >lim 



imsup(^/ |5'(z)P(l-kP)dA(z) 



limsup llgocTa ~ g{a)\\H'^ 



-2,1--/ 



On the other hand, it follows from Lemma[7]that Tg^ : HP{B) -^ C^' p (©) is a 
compact operator. Applying Theorem 2] gives 

llT.lle < \\Tg - TgJ = \\Tg^gJ\ « | ] fi ^ 5^ 1 1 S MO A • 
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So 

\\Tg\\e < limsup \\g - gr\\BMOA « limsup \\g o cr^ - g(a)||^2 

r^l \a\-^l 

by Lemma [5] The proof of Theorem |8] is finished. D 

Remark 5. The proof of Theorem [7] shows that Theorem \7\ is true for p = 2. 
Theorem |S] holds also for p = 2 { Theorem 1 of [TS] ) . 

Corollary 4. (^ Theorem 9]j Let 2 < p < oo and g e H{B). Then 

(1) Ig : HP{]D)) -^ C'^-^~p{B) is compact if and only ifg = 0, 

(2) Tg : HP{B) -^ /:^'^"t(lD)) is compact if and only if g e VMOA. 
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